7.8 Repeated eigenvalues

We begin with an example

, 1 -1
X=AX= X

[f we solve for the eigenvalues and eigenvectors.

1-4 -1 )
=A"-414+4=0 A=2
1 3-4
1 3 )\ v,
1
V, =V, =2V, = V,=-V, v:( J
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We seek for the second solution of the form
X(t) = cte” + e ()
(If we only assume the first one, we find that £=0.)
[f we play (%) into the ODE system, we obtain
X = £ 4+ 2£te” 4 2ne™ = Ax = Afte™ + Ane”
+2n=An =( A2)f
Al =2¢ = (A2 F H
1

J associated

.. & 18 the eigenvector (

with the eigenvalue 2.
n 1s called the generalized eigenvector

corresponding to the eigenvalue 2.
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To solve n from the equation
(A-2Dp=¢  (A-2Dp =

1-2 -1 1 -1 -4(n 1
77 — p— —
1 3-2 -1 1 1)in, —
on-n,=1 = n,=-1, n=0
So the second solution can be written as

X, (t) = fte” + e’ = [ ]

_tp?t _ 2

.". The general solution 1s

2t 2t
€ te
X(t) =G [_ezt ) +C; (—tEZt _ EZt]
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Q * What is the fundamental matrix in this case ?
2t

e te?
()= (_eZt _te2! _e2tj

* Another way to find w(t) .

1 -1
If we look at the Jordon form of (1 3 j =A

1
Recall that we found & = (_J AE=2¢&

(0
n= J An=2 1
-
. A|:§l 771}:{51 i |:2 1:| A =TIT
S M, S, 7, | 0 2
—

J 15 the A's Jordon form. P2.1



S s St I i

. Byletting T'x=y = X=Ax=TJT X
= TX=JT'x = y=Jy

: {Y1:|:{2 1}{y1:| {Y1:2y1+y :
Y, 0 2]y, Y, =2Y,
= Y, =Ce", Y, =2Yy+ & = Y, -2y, —Ce" =0
= yeH-2ye*-c,=0 .. (ye? )’ =c,
yel=ct+d = vy =cte’+de”

2t 2t
y, =C,e* +c,te
y, = 2ce” +c,e” +2c,te” =2y, +c,e”
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2t 2t 2t 2t

. . ce” +c,te e te

y =Jy has solution ( ' Zf jzcl[ ]-FCZ( Zt]
c,e 0 e

eZt teZt
" [Oj and [ j are two fundamental solutions.

e2t

To find fundamental solutions for X = AX, we recall the
transformation y=T'X = x=Ty

" - 1 O e2t - eZt
oo 35
— X :( 1 0 j(te”j :( te j
_1 _1 eZt _teZt . eZt

. ot te?t
) W(t): _e2t _tezt_eZt
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, 1 -1
ex - X=AX= X

D(t) = AD

To compute D(t) satisfying { DO)=1 ° we have three methods.

Method 1 : Solving linear equations.
We have already found a fundamental matrix w(t),

a2t ta2t
where (1) = |:_eZt _tp? _eZt:|

2t 2t

o _| € 2 _ te
X = 2t , X7 = 2t 2t
—e —te? —e

C. Let ©(t) = [clx(l) +c,x? ¢, x® + c4x(2)]
{ ce” +c,te? c,e? +c,te” }
= 2t 2t 2t 2t 2t 2t
—ce? —c,te” —c,e” —ce? —c e’ —c,e
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From the initial condition ®(0)=1.

C, C, 1 0
— —
—C,—C, —C,—C, 0 1

. ¢=1 ¢c,=-1 ¢,=0 ¢c,=-1

o2t _ a2t

. _tet o2t _ a2t _tet
. O() = _e?t e L2t te?t 4 e - {2t te2t 4 ot

Method 2 : From the formula ®(t) =y (t)w(0)*

eZt te2t 1 0 -1 eZt teZt 1 0
- —EZt _te2t_eZt -1 -1 - _eZt —t92t—92t -1 1

e2t _teZt _teZt
| te® te?t +e?
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Method 3
Now we try to find €™ from the formula itself

(A (A (AL
! 3! n!
2mr-1 np-1
TJ°T t2_|_..._|_TJF|[‘ t" ...
n!

e™ =1+ At+ +-+-, where A=TIT™

LoeM=I+TIT +

=T(I+Jt+w+---+ Qt n)+---)T‘1
21 n!

.". we need to compute (Jt)".
2t t
Jt =
5 2]
, 2t t][2t t 42 2t° +2t7 4% 4t°
(Jt)” = = =
0 2t][0 2t 0 4t 0 4t°

(Jt)3:_4t2 4t2]2t t}{sﬁ 12t3}

| 0 4t*] 0 2t 0 st
, 8t 12t]f2t t] [16t* 32t*
()" = 3 = .
0 8’ |0 2t 0 16t
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The pattern for the diagonal component 1s clear.

We need to find the one on top.

0+t At2 4 212° + 2 32t% 4o
2! 3! 41

=t(1+ 2t +%(2t)2 +%(2t)3 +.o0) =te”

Lo e e [T 0]t wt|[1 0

e =T o [T = o x|l 4
0 e -1 1[0 e 1 -1

|: 2t te2! _{ 1 0’ {ezt _te® _te?t

_e?t  _tp? _eZt_ {2t te2t 4 ot

}:@@)

l 1 ) ﬂ,n n in—l
Lemma: Let J= = J =

0 A 0 A"
(By induction)
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7.9 Non—-homogeneous linear system

X=p(t)x+g(t)

To solve the nonhomogeneous problem, we have three ways

1) undetermined coeftficients
2) Diagonalization

3) Variation of parameters
4) Laplace transform

Before, we talked about (3) by using the fundamental matrix.
Now we will begin with (1).



1) undetermined coefficients

Consider X = Ax+g(t)

This method 1s used only 1f A 1s a constant matrix, and if the
components of g are polynomial, exponential, or trigonometric
functions or sums or products of these.

(=2 1 2e
Ex: Xx= X +
1 =2 3t

Before we already solved the homogeneous problem
the eigenvalues are -3 and -1, and the corresponding

1 1
eigenvectors &Y =[ J, EP = ( J :

.". The general solution of the homogeneous system 1s

1 1
X = c{ J e +c, (J e,
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Q - How do we guess the solution of the nonhomogeneous
system 7

To guess a special solution, we look at the nonhomogeneous

2e
term :
3t
Notice that -1 1s an eigenvalue of the matrix A,
.". like the scalar equation we studied before, we guess the

special solution is of the form ate™ +be™ +ct+d = x(t)
where a, b, ¢, d are vectors.
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Now we need to determine a, b, ¢, d from the system

(-2 1 27"
X(t)=ae" —ate™ —be™ +Cc = jx(t)+[ ° ]

a

1 -2

(o) ola) e (e

N ( aet—ate —be " +c, j

ae ' —ate —be" +c,
(2 1 j[ ate™ +he™ +ct+d, ) N (Zet]
L1 -2){ate" +bet +ct+d, 3t
(2ate —2be'—2ct-2d, +ate +he +c,t+d, ] . EZetj
_ate” +be" +ct+d, —2ate” —2b,e™ —2¢c,t—2d,




To match the coefficients, we have

(te”) © -a=-2a+a, = a=a,

e'): a-b=-2b+b,+2 = a +b-b =2
a,—-b,=b-2b ,= a -b+b =0

—>a+a,=2 Soa=a,=1

= 2b -2b, =2 = Db b, : S b=b,+1
(t) - —2c,+c,=0 = c,=2¢

c,—2¢,+3=0 J.o ¢ =1 ¢,=2

(constant) - ¢, =-2d,+d, = 1=-2d,+d,
c,=d,2d, = 2 =d, 2
5 4

= 5=-3d, -.'d2:_§’ d1:_§
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oo oo

4
| | (N, (k+1) L, (1 3
.. The special solution we found 18 te” + e +|  |t+
1 k 2 5
3
.". We can choose k=0 and get the special solution as
4
1 1 1 )
tet+| e+ |t+ 3
1 0 2 5
3

Then the general solution of nonhomogeneous system 1s the sum of
homogeneous solution and the particular solution we have just found.
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2) Diagonalization

To use the method of diagonalization, we proceed as follows -
X =AxX+ g(t)

And A is diagonalizable with the Jordon form A=TDT .
Then we have X=TDT *x+g(t).

If we apply T~ on both sides of the above equation and obtain
(T*X) =DT 'x+T 'g(t)=DT x+h(t).
Now let T'x =y, then the equation for y can be written as
(d 0 )

1 (hy(t)
y=Dy+h(t) , where D= . , h=]

\hn (t)/
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yj (t),:djyj (t)+hj (t) — yj (t)’_djyj(t) — hj(t)

Loetly () —de My () =e “h(t)

d —djt _ Adit
= a[e y; () [=e""h (0)

= ey (t)=e "y, )+ j: e “*h; (s)ds

dit (¥ _—d;s :
= ¥ =y;t)+e" | e Fh(s)ds, j=12:--.n

From Xx =Ty, we know the solution X.

2 1 2e”"
. ( = = AX {
Ex: X (1 _ij{ St] F o)

eigenvalues © -3, -1

| s (1) (R
c12envectors - _1 y 1
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The general solution of the homogeneous system 1s

t) = 1 ~3t 1 —t
X()_Cl(—lje +c2(1je :

A=TDT™ :>’r=¥£(]' f}'rlz;a(l %T

J2l-1 1 J2\1 1
X =TDT *x+ g(t)
Let T'x=y = (T'X)=DT 'x+T 'g(t)

, P -3 0 1 (1 -1\(2e"
= y=Dy+T g(t):(O _Jy+$(l 1)[ Btj

Y, +3Y, = \/Ee_t —%t
=S 3 — decoupled system
\ Y.+, =/2¢" +$t
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". These two equations can be solved by the method of
Integrating factors.

ylzﬁe‘t—i (Ej—l +ce™
2 J21\3) 9

=/2te” + 3 (t-1)+ce”

Y, = \/E

5
3
1 1 1 1 1 4
=k, e +k,| e+ 1 e 4| |teT | | [t— 1
-1 1 2\ -1 1 2 35
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3) Variation of parameters
Recall from before, ay”+hby’+cy = g(t)

Welet y(t) =u () y,(t) +u,(t)y,(t) here y,(t) & Y,(t)
are fundamental solutions of ay”"+by'+cy =0,

Now for a system : X= p(t)x+g(t),

let w(t) be afundamental matrix for X= p(t)X.

To find a solution for the nonhomogeneous system,
we suppose  X(t) =w (t)u(t), and we'd like to determine u(t).
Since X(t) satisfies the ODE

L X=yOu(t) +w (Ou(t) = pw (Hult) +g(t)
= yut)=9(t) = u®) =y OO

— u(t)= f;z//‘l(s)g(s)ds+C C : constant vector

= x=y U =¥ OC+y O v (©)a(s)ds
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If we have initial data X(t,) =X, ,
= X% =pt,)C = C=p )%
t
X=X, + l//(t)_[to v (s)g(s)ds

If we use the special fundamental matrix @ (t)
satisfying ®(t,) =1, then

X(t) = D(t)x, +D(t) j: ®(s)g(s)ds
If we use @(t)=e™, ®(0)=1
= X(t) =ex, + E er)g(s)ds

(% =Ax+g(t))
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2 1 2e
TX = IAX t
Ex : X (1 —ZJH[ a j +9(t)

' . e—3t e—t
sol :  Since we already solved a fundamental matrix w (t) = ( . j

Then the solution X(t) is given by X(t) =y (t)u(t), and we have
w(t)u (s g

e e fifu 2e”
= e et lu, ) | 3t
2

U, =e” 3 e u, (t) = Lo Liga lem +C,
2 2 2 6
~ 3 3 3
u, =1+—te' u,(t)=t+—te' ——e'+c
2 > (1) > > 2

= X(t)=y (t)u(

R AR TR
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4) Laplace transform
Recall that L{X'(t)} =sX(s)—x(0) here X(s)=L{x(t)}

(2 1 2 )
X_(l _zjx+( Bt]_Ax+g(t)

Applying Laplace transform on both sides, we get

sX(s) —x(0) = AX(s)+G(s) here G(s)=L{g(t)}=

|ooc-|,-)‘|\)

N

\ S J
Suppose the initial datais X(0) =0, then (SI—-A)X(s)=G(s)

= X(S)=(sI-A)"G(s)
. (s+2 —1j

SI—-A =
-1 s+2

P5-1



CL(SI-A) Tt = L (HZ 1)
(s+1)(s+3)\ 1 s+2

[ 2(s+2) . 3 )

(s+1)°(s+3) s°(s+1)(s+3)
2 L 36+2)

L(s+D)?(s+3) s*(s+1)(s+3))

2y . 2(1) ., (1Y . (1) 1(4
- x(t):@e _5(_1} +(1jte {2}_5@

= X(s)=
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Y +y=9()
Ex: < y(0)=0
y'(0)=0
Recall the solution is  Y(t) = _[;sin(t —5)g(s)ds
Letus try touse €™ to find the solution formula.
sol -

stepl © Write this equation as a 2x2 system.
X=Y — Xzzy:—y+g(t):—xl+g(t)

X, =Y X, =X,

(X)) 0 1)\ x . 0

) -1 o)lx ) (g

x= Ax 1 x(D) =%+ [ e*Ih(s)ds
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step2 © Whatis e ?
Here we will not use the Jordon form to compute, instead, we solve

the system
f [Xl):(o 1j(X1j:
X, -1 0\ X,

Xl(o) = X
X, (O) = Xy

J\

then the solution can be written as €™ (:mj .
20

On the other hand, we can solve the system easily.

X, +x =0 ..x(t)=cssint+c,cost

= X, (t) =% (t) =c,cost—c,sint

X (0) =¢, =X, . X, (t) = X, SINt + X, COSt
X,(0) =, = X, X, (t) = X,, coSst — X, sint
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x(t)) ( cost sint)( X, _ o X0
x,(t)) (=sint cost )\ X,,) | X,
LAt cost sint
' —sint cost

.". For the nonhomogeneous problem, we have

x(t) =e™x, + j; e""h(s)ds
¢t cogEs ) sin(s) ) e
_IO(—sirtes ) ctw(j(g)sj (

[En=986)) 4o (%0
o\ cos(t —s)g(s) X, (®)
Since we are interested 1n the first component,

then X (t) =y(t) :J.;sin(t—s)g(s)ds,
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