
CHAPTER 3
PARAMETRIC  POINT  ESTIMATION



§3.1 METHODS OF FINDING ESTIMATORS
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 Note that an estimator is a statistic which is both a
  random variable and a function.
 Let  be an estimator of  
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 The notation  is used to denote the

estimate of  where  estimate 

  is the corresponding

estimator.
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§3.1.1 METHODS OF MOMENTS
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Let  be a random variable with density  ;  Recall 

that  is the rth moment about 0; i.e.,  Usually, 
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§3.1.2 METHODS OF MAXIMUM  LIKELIHOOD
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 Let  be a random sample from a density ;

Assume that  If the likelihood function 
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§3.2  METHODS OF EVALUATING ESTIMATORS

In this section, we will introduce some basic criteria, 
whichan estimator may or may not possess, that will 
help us in evaluating estimators.

§3.1.1 MEAN SQUARED ERROR
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1: An estimator  is defined to be an 

unbiased estimator of  if  for all .
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tDef 3.5



           2 2

 : MSE incorporates two components, one 
measuring the variability of the estimator (precision) and
the other measuring its bias (accuracy). More precisely, 

wh

,         MSE Var T E T Var T b

Remark 3.4
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   

ere  is the bias of the estimator .

If  is an unbiased estimator, then .
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 :  Recall that the MLEs of 

 and are  and , respectively.

  is an unbiased estimator of . 
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§3.2.2 LOSS AND RISK FUNCTION

 
 
 
 
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0

: Let  denote an estimate of  The , 

denoted by  is defined to be a real-valued function 

satisfying, (i)  for all possible estimates  and all

 an

loss fun

d (ii)

ction

  fo
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; ,
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 : Some possible loss-functions:

(i) square error

(ii)  absolute error

 if 
(iii)   ( )

 if 

(iv)  and 

;

;

,
;

,

; , .
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 1 1

 Note that the loss function depends on the estimate 
 and hence the samples . 

Thus, we hope to select an estimator that makes the
loss small. However, it is impossible to make the los

, , , ,


 n nt x x X Xt

s
small for every possible sample. So we may try to pick
an estimator that makes the average loss small.
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: Give a loss function   The , 
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 : Suppose  is a random sample from a 
continuous distribution having pdf ;  Then 

;  

If we know the density of  then 

, ,
.

; , , ;

, , ; .

,

 





 

 


      

  





  

n

n

n

n i n
i

X X

f x

E T E X X

X X f x dx dx

T E

l l t
l t

l
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: The corresponding risks in EX3.13 are :

(i) mean-squared loss

(ii)    mean-absolute loss

(iii)

(iv)   

:

:
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better estimator 

 : Let  and  be two

estimators of  Then,  is defined to be a than
 iff  for all  and  for at 

least one  An estimator 

, , , ,
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Def 3.8

  is defined to be

 if there is no betteadmi r esssible timator.

, nX
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1

minimax estimato:  is said to be a  iff
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 :  

 order statistics corresponding to  

Let      be 

estimators of  We assume that  

   is u
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The p.d.f of  is 

So 

 The bias of  is 

Now  
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 is unbiased and hence  Thus, 
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   is better than 

 is not admissible. Also note that  

when  is large.
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 is unbiased and  

It's easy to show that  

So 

cov cov  

Note that the joint
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is unbaised.

 is inadmissible.
Note that  grows very fast when  is large. 
S
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§3.3 UNBIASED ESTIMATION AND EFFICIENCY
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 : Let  be a random sample from a density ;  

An estimator of  is defi uniformly

minimum-variance unbiased estimator

ned to be a 

 (UMVU  of  iff (i)  is 

unbiased;
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 Consider a random sample  from a pdf ; , 

Assume that  is a subset of real line. Let  be an 
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(i) ;  is positive on a set  independent of 

(ii) log ;  exists for all  and all 

(iii) the integral ;  can be differentiated with

      respect to  under the integral sign

;

;
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;

(iv) the integral ;  can be 

      differentiated with respect to  under the integral sign;

(v) 0 log ;  for all 
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We have  

(efficiency of ).  is efficient and  is a very poor 

estimator of  since its efficiency is small for large 
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§3.4  SUFFICIENCY AND UNBIASEDNESS

         

In this section, the concept of sufficiency will be used in our search for 
UMVUEs. Recall that if X and Y are any two random variables,then we 

have   

These toois 

,            E X E E XY Var X Var E XY E Var XY

are used to prove the following theorem.

 
     

 

1

1 1

 : 
Let  be a random sample from a density   ;  and let

 be an unbiased estimator of  Let 

be a sufficient statistic. Define  Then 

(Rao-B

(a)  is

lackwell)
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Thm 3.6

     
   

 a statistic, and it is a function of the sufficient statistic 
(b)  is an unbiased estimator of  that is, 

(c)  for every 

;
' ; ' ;

' .


 

   






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 

 The Rao-Blackwell theorem says that, given an unbiased estimator,
another unbiased estimator that is a function of sufficient statistic is 
a uniformly better unbiased estimator of . 



 
   

 

1

1

 : 
Let  be a random sample from a density  ;  and let

be a complete sufficient statistic. If  a 

function of  is an unbiased estimator of 

(Lemann-Sche

 then 

ffe)

* *
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Thm 3.7

 
 is an 

UMVUE of 

*

. 

T

 
 

 The Lemann-Scheffe theorem says that if a complete sufficient 
statistic  exists, then there is an UMVUE of , and the UMVUE

is the unique unbiased estimator of  which is a function of  .
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 


S
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§3.5  LARGE SAMPLE PROPERTIES

§3.5.1  CONSISTENCY

 
 

 
 

1

0

lim 1

lim

consistent sequence of estimators

: A sequence of estimators  is defined 

to be a  of  if for every 

and every   It is equivalent to 
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1

2
lim 0

 : If  is a sequence of estimators of 

satisfying  for every  then  is a 

consistent sequence of estimators of 
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lim

 Recall that the MSE of  is given by

               

               

An equivalent statement  is this: For every  if  satisfies 
(i) 
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 lim 0

: Let  be a consistent sequence

of estimators of  Let  and  be sequences

of constants satisfying 
(i)  

(ii)

then the sequence  is a co
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of estimators of  . 
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: A sequence of estimators  is said to

be asymptotically unbiased for  if  for each
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§3.5.1  EFFICIENCY

 

   
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asymptotically relative effi
 : Let  and  be asymptotically unbiased sequences of
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 : A sequence of estimators  of  is said to be asymptotically 

normal if  as  where  is a function of , , , .
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 

   
   2

 : A sequence of estimators  of  is said to be best 

asymptotically normal (BAN) if it is asymptotically normal and 

for all  where  is the Fisher information.
'
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  : Under certain regularity conditions, the MLE of 

is BAN.
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