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§2.2 SUFFICIENT STATISTIC
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where  is the joint pmf of the 
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                 and 

So  and  are jointly minimal sufficient 
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§2.4 ANCILLARY STATISTICS

 1, ,



 

ancillary stati

 : A statistic  is called an 

if its distribution does not depend on 
th

stic
e parameter .

nT X XDef 2.5 t

    

1

1

2

1
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, , ( , ), .
, , :

, .

 



  

  

 




  :    
order statistics corresponding to the sample.

As in EX 1.5 , Sec1.4 , we can show that the pdf of the
sample range  is  

i.e. 

n

n

n
R

X X iid U < x <

Y Y

R f r n n r r < r <

R Beta

EX 2.13

 1 2, .


 Thus, the distribution of  does 

not depend on  and  is an ancillary statistic.

n R

R



 
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  
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   



location fami

 : Let  be any pdf. Then the family of pdfs 

, indexed by ,  is called the 

with standard pdf  and  is called 
t

ly
location paramhe  for the family.

 The ab v

r

o

ete

f x

f x -

f x

Def 2.6

 
 

,
.   

e definition states that, if  is a random 
variable with pdf  then the pdf of the random 

variable  is 

W

f w

X W f x
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 
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
 

   
 

: Suppose  To form a location
family, we replace  with  to obtain 

                 exp

So   is a location family.

X N 

x x

f x x

N

EX 2.14
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: Suppose  is a random sample such 
that  where  and 

 are iid r.v.'s with p.d.f  which does not 

depend on . Then the common pdf of  is  

Let 
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X X

X W i n < <

W W f w

X f x

Y Y

EX 2.15
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 be the order statistics in the sample. The 
cdf of the sample range  isnR Y Y
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location-invaria

: A statistic  is defined to be  

 iff 

for all values  and all real .
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T X X
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Def 2.7 t
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  

    
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  
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                   max min

                   max min
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So the c.d.f of  does no
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F r P Y Y < r

P X X r

P W W r

P W W r

P W W r

R t depend on  and hence  
is an ancillary statistic.
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 : Assume that  is a random sample 
such that   where -  
is a parameter and  are iid r.v.'s with pdf 

 which does not depend on . Then the common 

pdf of  is

n
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X X

X W i n < <

W W
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X

EX 2.16
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  Let  be a location-invariant 

statistic. Then 
                  

                   

                    

is a function of  alone. Hence  must 
have a distri

n

n

n

n

f x

T x x

w w

w w

W W T

t
t
t

bution that does not dependent on  ; 
i.e  is an ancillary statistic.T
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 
 
 

: Let  be any pdf. Then for any  

the family of pdfs , indexed by  is called 

the  with standard pdf  and  is 

called the  for the family

scale family

scale parameter .
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f

f x

Def 2.8
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 
  

 

 The above definition states that, if  is a random 
variable with pdf  then the pdf of the random 

variable = W  is 

W
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and  the family of pdfs , indexed by 
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 :   ,  Then any 

statistic that depend on the sample only through 

the  values  is an ancillary statistic.

For example, 
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EX 2.17
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is an ancillary statistic. To see this fact, let 
   with  

n
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The joint c.d.f of  is 
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which does not depend on 
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 : Suppose  is a random sample 
such that  where  and 

 are iid r.v.'s with p.d.f which does 

not depend on . Then the common pdf of  is 

  Let 
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X X
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f x T X X

EX 2.18
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 be a scale-

invariant statistic. Then 

Since neither the joint dist. of  nor Τ contain  
the distribution of  does not depend on .  is 
an ancillary statistic.
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§2.5 SUFFICIENCY, COMPLETENESS, AND
INDEPENDENCE

     

1 2
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2

11 2
3
,   



       





 : Let  and  be iid observations from the 
discrete distribution 

        

where  is an integer. Let   be the order 
statistics in the sample. We can show that 

X X

P x P x P x

Y Y

R Y

EX 2.19
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
and  are jointly minimal sufficient statistics. 

Consider a sample point, where  is an integer. 
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   


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 : Let  be a random sample from 
a pdf or pmf  , and let  be 

a statistic. The family of probability distributions of 
 is defined t completeo be  iff  for all 
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n
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Def 2.11
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If we only comsider , then  or  or 
. Suppose we know  then  

and  with this additional information, the 
only possible value for  is 
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 :    Then 

                        

But  This is a particular 

distribution, not a family of distributions. If  
We can show that if , then

X N z x x
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P g x P x
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E x

EX 2.20
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  :   Bernoulli( ), 0

Let  and let  be a function of  such that 
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  i.e.  Thus,  

is a complete statistic.
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is a sufficient statistic. Suppose  is a function 
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 : If a minimal sufficient statistic exists, then 
any complete statistic is also a minimal sufficient 
statistic.

Thm 2.5
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 : Let  be a random sample from a 
pdf or pmf  that belongs to an ex-

ponential family given by 
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 1, ,  : ( ) If  is 

a complete (and minimal) sufficient statistic, then  
is independent of 

Basu's theore

every ancillary statistic.
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complete sufficient statistic for ,  

Note that the sample variance 

is a location-inv
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  :   Exp( ),   

The pdf is of the form  where 

 i.e. the exponential distribution form a 
scale family. Consider the statistic 
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So  is a scale invariant statistic and hence an 

ancillary statistic. Since  is a complete 

statistic. We conclude  and  are independent 
Thus, we have 
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