Chapter 2
Fourier series and

boundary value problems
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¢ In this chapter, we introduce the
useful tool — Fourier series and show
how to use them to solve boundary
value problems for PDEs.

(mainly 2nd order)




2-1 Fourier series

¢ In these two sections, we will study the
following trigonometric series
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= These series are called Fourier series.

2L _
T =— ' period
m




o Goal :

1) To determine what functions can be
represented as a sum of a Fourier series.

2) To compute the coefficients.

3) The convergence of the series.




0 Def
f is said to be periodic with period T > 0
if the domain of f contains x + T

whenever it contains x, and if
f(x+T) = f(x) for every value of x.

The smallest value of T is called the
fundamental period of f.
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o Orthogonality of the sine and cosine functions.

e Let u, v be two real — valued functions on the
interval a < x < [, we can define the standard

inner product (u, v) = ff u(x)v(x) dx.

e The functions u and v are said to be orthogonal

onanS,Bifffu(x)v(x)dx=O.

e A set of functions is said to be mutually
orthogonal if each distinct pair of functions in the
set is orthogonal.




o Thm

The functions sin(mmx /L) and cos(mmx/L),

m=1,2,-, form a mutually orthogonal set of
functionson —L < x < L and
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proof :
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¢ The Euler — Fourier Formula

Suppose
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converges unlformly to f(x) on [—L, L], then
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proof :

From our assumption,
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(1) To find a,, we integrate (%) from - L to L
and obtain
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(2) Tofinda,,,n=1,2,3,:-,we multiply ()

by cos % and integrate from - L to L

= f(x) cos——dx = — cosde
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By the orthogonality relations,
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(3) b,, can be found similarly by multiplying

(k) by sin% and integrating from - L to L
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Fx+4) = f(x)

Determine the coefficients in the Fourier series

of f(x).

sol :
L =12
". The Fourier series has the form
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To find a,,, we compute
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To compute b,,,
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f(x)={1, == ad

0, 1<x<3
il 6) = ()
Find the Fourier series of f (x).
sol :
f has period 6, > L = 3.
". The Fourier series for f has the form
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Thus the Fourier series for f is
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2-2 The Fourier Convergence Theorem

o Let f(x) be periodic with period 2L and
integrable on [—L, L], then all the Fourier
coefficients can be computed, and the
Fourier series can be written as
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(1) Is the Fourier series convergent ?
(2) Is the sum equal to f(x) ?

¢ To guarantee convergence of a Fourier
series to the function, we need to
impose extra condition on f(x).




0 Def :

A function f(x) is said to be piecewise
continuous on a < x < b if the interval
can be partitioned by a finite number of
pointsa =xp <x; <+ <x,=0b>b

so that

(1) f is continuous on each open
subinterval x;_1 < x < Xx;




(2) f approaches a finite limit as the
endpoints of each subinterval are
approached from within the subinterval.
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¢ Notation -
] (C +) = [lim ] (X) ;
xX—C+

fle=) = lim f(x)

¢ Note that the function may not be
defined at the partition points.




¢ Thm :
Suppose that f and f' are piecewise continuous
on theinterval —L < x < L.

Furthermore, suppose that f is defined outside
the interval —L < x < L so that it is periodic
with period 2L.

Then f has a Fourier series
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The Fourier series converges to f(x) at all points

G + )

where f is continuous, and to >

at all points where f is discontinuous.

FG) + f(0)

Note that

5 is the average value

of the right—-hand and
left—hand limits at the point x.




¢ Functions that are not included in the
theorem are primarily those with infinite
discontinuities in [—L, L], such as

1

F—>O(x—>0) or In|lx —L| (x - L).

¢ Functions having an infinite number of
jump discontinuities in the interval are
also excluded.




¢ Remark :

A Fourier series may converge to a sum
that is not differentiable, or even
continuous.
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We can always extend f by f(x + 2L) = f(x).

It is clear that f(x) satisfies the hypothesis of
Theorem.

= We can compute the Fourier series of f(x).
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Note that at the discontinuities (x = 0, £nlL),

: : L
the Fourier series equals p

This is exactly the mean value of right and left
limit.

If we define f(x) = % at x = 0, +nlL,

then the Fourier series converges at all points x.




¢ Now we use a few examples to
illustrate the idea of the fourier series.

¢ First we study the following ODE.

Ex1 :

Find the solution of the initial value problem
( y" + w?y = sinnt

y(0) =0

y'(0)=0




sol :

Casel : w? # n?

First we solve the homogeneous problem
vy + w?y =0

= y(t) = ¢; sin wt + ¢, cos wt

Now to find a particular solution for the
nonhomogeneous equation, we let

Y(t) = Asinnt
y"" + w?y = —An®sin nt + w?Asin nt = sin nt
~ (w? — n?)Asin nt = sin nt




.". The general solution of the non -

homogeneous problem can be written as
1

y(t) = c¢; sinwt + ¢, cos wt +

From the initial conditions
y(0)=c, =0



y'(t) = c;w cos wt — c,w sin wt

—n sin wt sin nt

B = [ +

w(w? —n?) w?—n?

w SIn nt — n sin wt

w(w? —n?)



Case 2 :

if w? = n?, then we solve
y"" + n?y = sinnt

The particular solution we are looking for is
Y (t) = Atsin nt + Btcos nt
Y'(t) = Asin nt + Antcos nt + Bcos nt

— Bntsin nt

Y (t) = Ancos nt + Ancos nt — An’tsin nt
— Bnsin nt — Bnsin nt — Bn?tcos nt




Y (t) + n?y
= 2Ancos nt — An?tsin nt — 2Bnsin nt
— Bn?tcos nt + An?tsin nt + Bn?tcos nt

= 2Ancos nt — 2Bnsin nt = sin nt
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.. The general solution of the nonhomogeneous
problem is

1

y(t) = ¢, sinnt + ¢, cosnt — = tcos nt




y(0) =¢c, =0
1

y'(t) = c;ncosnt — c,nsinnt — —-cos nt
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EXGE

(v + wly = f(t) S e

y(0) = 0 ,f(t)={ 0, t=-m0,m
. Yy (0)=0

1, O<t <m

sol :

i = ?O Z a, cosnt + b, sinnt)







b, = rf(t)sinntdt
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~
s = 2 e sin(2n — 1)t
n=1

.". The problem becomes
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y(0)=0

\ y'(0) =0
From the Ex1, the special solution for
y" + w?y = sinnt is

1 : 2 2
)= >sin nt for w* # n=.
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Therefore, the special solution for the

nonhomogeneous equation in ( %) can be written
by

4 1 1 )
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= The general solution is

y(t) = c¢; sinwt + ¢, cos wt + Y (t).




From the initial condition, y(0) = ¢, = 0.

s y'(t) = weqy coswt + Y'(t)

v (0)=cw+Y'(0)=0
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= The solution of the IVP (%) is given by
y(t) = cq sin wt
S 1
+Fn_ (2n — 1)w2 — (2n — 1)2

sin(2n — 1)t
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Q : What about the case w? = n??

(Exercise)




