
Chapter 1   

Partial differential equations 

 

授課教師：張乃珩 
 



1-1  What is a partial differential equation？ 
 

Recall that an ODE is an equation which  

relates the function and it’s ordinary 

derivatives. 

In this case, there is only one independent  

variable, for example                  . 

As for PDE, there is more than one  

independent variable x, y, z, … . 
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• u(x, y, z, …)：u is a dependent variable which  

   is an unknown function of u.  

i.e.  

⇒  First order PDE in two independent variables. 

  

Ex：    
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• A solution of a PDE is a function u(x, y, …) that 
satisfies the equation is some region of the x, 
y, … , variables. 

 

Good in PDE：  given an equation, and initial 
condition or boundary condition, try to find the 
function u(x, y, …). 

 

• In order to classify PDEs, we need to introduce a 
more general way to write PDEs.                           
i.e.  We try to write a PDE as Lu=0 or Lu=g where 
L is an operator. 

 



Ex：  
What is Lu？ 
                 , it’s again a function. 
L is a differential operator             acting on  
functions whose first derivatives exist and  
are continuous. 
  
Def： L is a linear operator if  
  L(u+v)=Lu+Lv 
  L(cu)=cLu 
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Advantage of linear equation 

If Lu=0, Lv=0 ⇒ L(u+v)=0. 

From two solutions, we produce another solution. 

If u and v are both solutions, so is (u+v). 

If  are all solutions, so is any linear combination  

⇔ (Superposition principle) 

  

Def：  

Homogeneous linear equation： L is linear and Lu=0. 

Inhomogeneous linear equation： Lu=g where g is a given 

function of the independent variables. 

 



Ex：  

                                                    transport 

      (linear→)                             transport 

                                                    shock wave 

                                                    Laplace equation 

(nonlinear→)                             wave with interaction 
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Ex： Which of the following operators are linear？ 

    a)  

    b)  

    c)  

    d)  

    e)  

  

x yLu u xu 

x yLu u uu 

2

x yLu u u 

1x yLu u u  

21 (cos ) [arctan( )]x yxyLu x y u u x y u   



  

Some simple examples 

• Find u(x,y) such that   

                                                             ⇒ u(x,y)=f(y)x+g(y) 

• Find u(x,y) such that  

 

• Find u(x,y) such that  
 

0xxu 

( , ) ( )x xu c u x y f y   

0xxu u 

( )cos ( )sinu f y x g y x  

0xyu 

( , ) ( ) ( )u x y F y G x  

  

 
  



Ex： State the order and whether it is nonlinear, 
linear inhomogeneous, or linear homogeneous 
for the following equations. 

a)   

2nd order linear inhomogeneous  

 

b)   

3rd order nonlinear equation  
 

1 0t xxu u  

t xxLu u u 

0t xxt xu u uu  

1Lu g  



1-2  First - order linear equations 
 

In this section, we will start solving some simple partial  

differential equations. 
 

＊ The constant coefficient equation 

Ex：  Simple transport 

Consider water flowing at a constant rate c  

Suppose a pollutant is suspended in the water and let  

u(x,t) be its concentration in grams/centimeter at time t. 

Then the equation for u is given by                           .   

(transport equation) 

 

 
 

+ 0t xu cu 



Q1： How to derive the equation？ 
 

(Suppose diffusion is not considered) 

  

(total amount of pollutant in [0,b] at the time t) 

To get a differential equation, we differentiate the integral  

equation with respect to b, and get u(b,t)=u(b+ch,t+h). 

Differentiate once more with respect to h, we obtain   

                                                                                 . 

Set h=0, then the equation becomes                          .  

 --- transport equation 
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Q2： How to solve this equation？ 
 

We write the equation in the inner product form  

                                 , v=(1,c) 

∴ ∇u•v=0 ⇒ u is constant along the v direction. 

 

 

 

 

 

∴ We know u is a function of the variable x-ct.   

i.e. u(x,t) = f(x-ct). 

Here f is not yet determined. 

 

( , ) (1, ) 0t xu u c 



Now let us verify if                            ,  

                                                               ∴   

As long as we know the values of u(x,t) at t=0, then u(x,t)  

is determined at later time. 

For example,                                     (Initial value problem) 

 

⇒ We know u(x,t) = f(x-ct) for some f. 

To find f, we use the initial condition, so we have  

                                           . 

This implies that the solution of the problem is given by  

                      . 
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＊ The constant coefficient equation 

 

As before, we can write the equation as   

                                                        here v=(a,b). 

= directional derivative of u along the v-direction. 

∴ u is constant in the direction of v. 

These lines bx-ay=c are called the  

characteristic lines. 

∴ The solution u(x,y)=f(bx-ay)=f(c) for some function f of 
one variable. 

On different characteristic lines, we have different values 

of c. 

 

0x yau bu 

( , ) ( , ) 0x ya b u u u v   



Ex： Solve the PDE  

  

Q： What is the importance of characteristic lines？ 

They reduce the PDE to an ODE. 

Along the characteristic lines, it becomes an ODE. 

Later on, we will elaborate more on the 

characteristic lines. 
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1-3  Flows, vibrations and diffusions 
 

 

In this section, we will introduce some equations 

from physics. 

In the previous note, we have already desired the  

transport equation. 

Now we will look at the others. 

 

 
 



＊ Vibrating string 

Consider a flexible, elastic homogeneous sting  

(constant density ρ) of length l.  (like a guitar string) 

Let u(x,t) be its displacement from equilibrium  

position at time t and position x. 

      

 



Since the string is flexible, the force T(x,t) is along the  

tangential direction. 

The slope of the tangent at              is                  . 

       

∴ The horizontal force is                    which has no effect 
on the displacement u. 

 

The vertical force is                     . 

By using the Newton’s law F=ma, we have  

                                                              

                                                                  . 
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Ex： Vibrating drumhead 

Now we try to generalize the previous derivation to  

2 – dimensions. 

Suppose we have a membrane  

stretched over a frame  

in the xy plane. 

Let u(x,y,t) denote the vertical displacement and there  

is no horizontal motion. 

∂D → the boundary of D. 

How to apply the Newton’s law？ 

   

What is the force acting on ∂D？ 
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