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The Greedy Method

貪婪法
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The Greedy Method 
 解最佳化問題的演算法, 其解題過程可看成是

由一連串的決策步驟所組成, 而每一步驟都有

一組選擇要選定。

 一個 Greedy method 在每一決策步驟總是選

定那目前看來最好的選擇。

 Greedy methods 並不保證總是得到最佳解，

但在有些問題卻可以得到最佳解。
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The Greedy Method
 E.g. Find a shortest path from v0 to v3.

 The greedy method can solve this problem.
 The shortest path: 1 + 2 + 4 = 7.



Part 1

4



5

Outline

Greedy Method
 Greedy Algorithm for Vertex-coloring
 ST (Spanning Tree) Algorithms

 BFS algorithm
 DFS algorithm

 MST (Minimum Spanning Tree) Algorithms
 Kruskal’s algorithm
 Prim’s algorithm

 Shortest Path (Distance Tree) Algorithms
 Dijkstra’s algorithm



The Greedy Algorithm for 
Vertex-Coloring
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Let G be a graph in which the vertices have
been listed in some order , , , .
(1) Assign the color 1 to vertex .
(2) For each 2,3, , ,  let  be the smallest color such
that none of the vertices 
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Brooks’ theorem,1941
 If G is a connected graph which is neither

a complete graph nor an odd cycle, then 
χ(G) ≦Δ(G) . 

(Δ(G) is the maximum degree of a vertex in G)

 The Greedy algorithm for vertex-coloring 
derive that χ(G) ≦Δ(G)+1 .



Algorithm for Spanning Tree 
rooted at u
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Let G=(V,E) be a graph of order  and let  be any vertex.
(1) Put U={ } and F= .
(2) While there exists a vertex  in U and a vertex  not in U
such that ={ , } is an edge in G.
      (i) Put the vertex

n u
u

x y
x y



  into U.
      (ii) Put the edge  into U.
(3) Put T=(U,F).

y




Breadth-First Algorithm for 
Spanning Tree rooted at u
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L e t G = (V ,E ) b e  a  g ra p h  o f  o rd e r   a n d  le t   b e  a n y  v e rte x .
(1 )  P u t = 1 , U = { } , D ( )= 0 , ( ) = 1 , F = ,  a n d  T = (U ,F ).
(2 )  If  th e re  is  n o  e d g e  in  G  th a t jo in s  a  v e rte x   in  U  to  a  v e rte x

 n o t in  U , th e n  S T O P

n u
i u u b f u

x
y



!
O th e rw ise , d e te rm in e  a n  e d g e  = { , }  w ith   in  U  a n d  
n o t in  U  su c h  th a t   h a s  th e  sm a lle s t  B F  n u m b e r ( ) ,  a n d
d o  th e  fo llo w in g :
(i)  P u t ( ) 1 .
( i i)  P u t  D ( ) D ( ) 1 .
( i i i)  P u t th e  v e r te x   in to  U .
(

x y x y
x b f x

b f y i
y x

y



 
 

iv )  P u t th e  e d g e   in to  U .
(v )  P u t T = (U ,F ).
(v i)  In c re a se   b y  1  a n d  g o  b a c k  to  (2 )i





Depth-First Algorithm for 
Spanning Tree rooted at u
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L e t G = (V ,E ) b e  a  g ra p h  o f  o rd e r   a n d  le t   b e  a n y  v e rte x .
(1 )  P u t = 1 , U = { } , ( ) = 1 , F = ,  a n d  T = (U ,F ).
(2 )  If  th e re  is  n o  e d g e  in  G  th a t jo in s  a  v e rte x   in  U  to  a  v e rte x

 n o t in  U , th e n  S T O P !
O th e rw i

n u
i u d f u

x
y



se , d e te rm in e  a n  e d g e  = { , }  w ith   in  U  a n d  
n o t in  U  su c h  th a t   h a s  th e  la rg e s t  D F  n u m b e r ( ) ,  a n d
d o  th e  fo llo w in g :
(i)  P u t ( ) 1 .
( i i)  P u t th e  v e rte x   in to  U .
(i i i)  P u t th e  e d g e   in to  U .
(iv )

x y x y
x d f x

d f y i
y





 

 P u t T = (U ,F ).
(v )  In c re a se   b y  1  a n d  g o  b a c k  to  (2 )i
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Minimal Spanning Trees 
 It may be defined on Euclidean space points 

or on a graph.
 G = (V, E): weighted connected undirected 

graph 
 Spanning tree : S = (V, T), T  E, S is a

undirected tree
 Minimal spanning tree (MST) : a spanning 

tree with the smallest total weight. 
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Minimal Spanning Trees

 A graph and one of its minimum 
spanning trees (MSTs)
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圖的最小生成樹(MST)
 一個最小生成樹演算法  Kruskal演算法，採用貪婪法

(greedy method)的策略來建構最小生成樹，也就是每次都
是挑選最小成本且不形成cycle的邊加入最小生成樹T之中，
如此經過n-1次的邊的挑選之後形成的累積成本必定是最小

 另一個採用貪婪法(greedy method)的策略稱為Prim’s演算
法，也就是每次都是挑選最小成本的邊加入最小生成樹T之
中，經過n-1次的挑選之後形成的累積成本必定是最小。由
於每次挑選邊時，都是挑選一個具有連結X及V-X的邊，也
就是說挑一個一頂點在X，而另一個頂點在V-X的邊，因此，
將所挑選的邊加入T之後不會形成cycle，這代表T是一棵樹
(tree)。



Kruskal’s Algorithm for 
Minimum Spanning Tree
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Let G=(V,E) be a weighted connected graph with 
weighted function .
(1) Put F= .
(2) While there exists a edge  not in F such that
F { } do not contain the edges of a cycle of G, 
determining such an edg

c







e  of minimum weight

and put  in F.
(3) Put T=(V,F).



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Kruskal’s Algorithm -Construct MST
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Prim’s Algorithm for Minimum 
Spanning Tree 
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1 1 1 1 1

L e t G = (V ,E ) b e  a  w e ig h te d  c o n n e c te d  g ra p h  w ith  w e ig h te d
fu n c tio n   a n d  le t   b e  a n y  v e rte x  o f  G .
(1 )  P u t  = 1 , U = { } , F = ,  a n d  T = (U ,F ).
(2 )  F o r 1, 2 , , - 1, d o  th e  fo llo w in g :
     ( i)  L o c a te  a n  e d g e  

c u
i u
i n




 

1 1 1 1 1

1 1 1

= { , }  o f  sm a lle s t  w e g h t su c h  th a t
           is  in  U  a n d   is  n o t in  U .
     ( i i)  P u t U U { } , F F { }  a n d  T = (U ,F ).
     ( i i i)  In c re a se   to  1 .
(3 )  O u tp u t T = (U ,F ). (H e re  

i

i i

i i i i i i i i

n n n

x y
x y

y
i i

    

  

   


1U V .)n  
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圖的最短路徑

 由圖中的某個頂點(vertex)v到圖中的另一頂點u，若
v到u之間存在一條路徑(path)，則路徑中所經過的邊
(edge)的加權值(weight)的總合稱為路徑的成本
(cost)。所有路徑中具有最小成本的稱為最短路徑
(shortest path)。

 由於最短路徑具有許多應用，因此有許多求取最短
路徑的演算法，我們介紹最有名的演算法：
Dijkstra演算法。



Dijkstra’s Algorithm for a 
Distance Tree rooted at u
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L e t G = (V ,E ) b e  a  w e ig h te d  g ra p h  o f  o rd e r   w ith
w e ig h te d  fu n c tio n  , a n d  le t   b e  a n y  v e rte x .
(1 )  P u t U = { } , D ( ) = 0 , F = ,  a n d  T = (U ,F ).
(2 )  If  th e re  is  n o  e d g e  in  G  th a t  jo in s  a  v e rte x   in  U  to  a  v e rte x

n
c u

u u
x

y



 n o t  in  U , th e n  S T O P !
O th e rw ise , d e te rm in e  a n  e d g e  = { , }  w ith   in  U  a n d  
n o t in  U  su c h  th a t D ( )+ c { , }  is  a s  sm a ll a s  p o s s ib le , a n d
d o  th e  fo llo w in g :
(i)  P u t th e  v e rte x   in to  U .
( i i)  P u t th e  e d g e   i

x y x y
x x y

y



 n to  U .
(i i i)  P u t  D ( )= D ( )+ c { , }  a n d  g o  b a c k  to  (2 )y x x y



要證明演算法是找到最佳的結果!
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Part 2
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Steiner Ratio Conjecture

Gilbert and Pollack,1968
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 Ding-Zhu Du (堵丁柱) and                 
Frank Kwang-Ming Hwang (黃光明).      
A Proof of the Gilbert-Pollak
Conjecture on the Steiner Ratio. 
Algorithmica 7(2–3): pages 121–135, 
1992. (received April 20, 1990.)

Steiner Ratio Conjecture is True



Euclidean Steiner Problem
 Given: a set P of n points in the euclidean 

plane
 Output: a shortest tree connecting all 

given points in the plane

 The tree is called a Steiner minimal tree.
 Notice that Steiner minimal trees may 

have extra points (Steiner points).



Minimum Spanning Tree 
(MST)



 Regular points (  ): P
 Steiner points (  ): V( SMT(P) ) - P

Steiner Minimum Tree (SMT)

1

2

2

732.13 

732.13 



History of SMT
 Fermat (1601-1665): 

Given three points in the 
plane, find a fourth point 
such that the sum of its 
distances to the three 
given points is minimal.

 Torricelli solved this 
problem before 1640.



History of SMT (cont.)
 Torricelli Point (or called (First) Fermat 

Point):

A

B

C

D

E

F

S



History of SMT (cont.)
 Jarník and Kössler (1934) formulated the 

following problem: Determine the shortest 
tree which connects given points in the 
plane.

 Courant and Robbins (1941) described this 
problem in their classical book “What is 
Mathematics?” and contributed this 
problem to Jakob Steiner, a mathematician 
at the University of Berlin in the 19th 
century.



The Complexity of Computing 
Steiner Minimum Trees

 NP-Hard!

 M.R. Garey, R.L. Graham, and D.S. 
Johnson. The complexity of computing 
Steiner minimum trees. SIAM J. Appl. 
Math., 32(4), pages 835–859, 1977.

 Approximation



Steiner Ratio

 Ls(P): length of Steiner Minimum Tree on 
P

 Lm(P): length of Minimum Spanning Tree
on P

 Steiner ratio ρ =
( ) 3inf 0.866
( ) 2

s
P

m

L P
L P

 
  

 



Gilbert-Pollak Conjecture

 Gilbert and Pollak conjectured that for 
any P.

 E.N. Gilbert and H.O. Pollak. Steiner minimal 
trees. SIAM J. Appl. Math., Vol. 16, pages 1–
29, 1968.

)(
2
3)( PLPL ms  








 866.0

2
3



 n = 3: Gilbert and Pollak (1968)

Previous Results for n = 3

A

B
C

S

B’C’

Let S be the Torricelli point of △ABC.
Suppose that |AS| = min{|AS|,|BS|,|CS|}.

Ls(A,B,C) = AS + BS + CS

= AS + B’S + C’S + BB’ + CC’

= Ls(A,B’,C’) + BB’ + CC’

=       (AB’+AC’) + BB’ + CC’

 (AB’+BB’+AC’+CC’)

 (AB+AC) =      Lm(A,B,C)

2
3

2
3

2
3

2
3



Previous Results for small n
 n = 3: Gilbert and Pollak (1968)
 n = 4: Pollak (1978)
 n = 5: Du, Hwang, and Yao (1985)
 n = 6: Rubinstein and Thomas (1991)



Previous Results for
lower bound of ρ
 ρ = 0.5     : Gilbert and Pollak (1968)
 ρ = 0.577 : Graham and Hwang (1976)
 ρ = 0.743 : Chung and Hwang (1978)
 ρ = 0.8     : Du and Hwang (1983)
 ρ = 0.824 : Chung and Graham (1985)



Gilbert-Pollak conjecture is true!



Full Steiner Tree

 A Steiner tree with n regular points is 
called a full Steiner tree if it has exactly 
n-2 Steiner points, i.e., every regular 
point is a leaf node.





附錄

旗落帆升
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The End




