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i The Greedy Method

= E.g. Find a shortest path from v, to v..
= The greedy method can solve this problem.
= The shortest path: 1 +2+4=7.
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i Outline

Greedy Method

s Greedy Algorithm for Vertex-coloring

s ST (Spanning Tree) Algorithms
= BFS algorithm
« DFS algorithm

= MST (Minimum Spanning Tree) Algorithms
= Kruskal’s algorithm
= Prim’s algorithm

= Shortest Path (Distance Tree) Algorithms
= Dijkstra’s algorithm




The Greedy Algorithm for
i Vertex-Coloring

Let G be a graph in which the vertices have
been listed 1n some order X, X, ,..., X, .
(1) Assign the color 1 to vertex X.

(2) Foreach1=2,3,...,n, let p be the smallest color such
that none of the vertices X, X,,..., X._, which are adjacent

to X; 1s colored p, and assign the color p to X..



i Brooks’ theorem, 1941

= If G is a connected graph which is neither
a complete graph nor an odd cycle, then

wWG) =AG).

(A(G) 1s the maximum degree of a vertex in G)

s The Greedy algorithm for vertex-coloring
derive that y(G) =A(G)+1 .



Algorithm for Spanning Tree
i rooted at u

Let G=(V,E) be a graph of order n and let U be any vertex.
(1) Put U={u} and F=2.

(2) While there exists a vertex X in U and a vertex y not in U

such that a={X, y} i1s an edge in G.
(1) Put the vertex y into U.
(11) Put the edge o into U.

(3) Put T=(U,F).



Breadth-First Algorithm for
i Spanning Tree rooted at u

Let G=(V,E) be a graph of order n and let U be any vertex.
(1) Puti=1,U={u}, D(u)=0, bf (u)=1, F=<, and T=(U,F).
(2) If there 1s no edge in G that joins a vertex X in U to a vertex
Yy notin U, then STOP!

Otherwise, determine an edge a={X,Yy} with X in U and y
not in U such that X has the smallest BF number bf (x), and
do the following:

(i) Put bf(y)=1+1.

(i1)) Put D(y)=D(x) +1.

(111) Put the vertex y into U.

(iv) Put the edge o into U.

(v) Put T=(U,F).

(vi) Increase 1 by 1 and go back to (2)



Depth-First Algorithm for
i Spanning Tree rooted at u

Let G=(V,E) be a graph of order n and let u be any vertex.
(1) Puti=1,U={u},df (u)=1, F=0, and T=(U,F).

(2) If there is no edge in G that joins a vertex X in U to a vertex
Yy notin U, then STOP!

Otherwise, determine an edge a={X,Yy} with X in U and y
not in U such that X has the largest DF number df (x), and
do the following:

(i) Putdf (y)=1+1.

(i1) Put the vertex y into U.

(111) Put the edge a into U.

(iv) Put T=(U.,F).

(v) Increase 1 by 1 and go back to (2)



i Minimal Spanning Trees

= It may be defined on Euclidean space points
or on a graph.

= G = (V, E): weighted connected undirected
graph

= Spanning tree : S=(V, T), TcE Sis a
undirected tree

= Minimal spanning tree (MST) : a spanning
tree with the smallest total weight.



i Minimal Spanning Trees

= A graph and one of its minimum

spanning trees (MSTs)
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Kruskal’s Algorithm for
i Minimum Spanning Tree

Let G=(V,E) be a weighted connected graph with
weilghted function C.

(1) Put F=C.

(2) While there exists a edge a not in F such that
F U {a} do not contain the edges of a cycle of G,

determining such an edge a of minimum weight

and put o 1n F.
(3) Put T=(V,F).



i Kruskal’s Algorithm -Construct MST
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Prim’s Algorithm for Minimum
‘L Spanning Tree

Let G=(V,E) be a weighted connected graph with weighted
function ¢ and let U be any vertex of G.
(1) Puti=1,U ={u}, F,=4, and T,=(U ,F,).
(2) Fori=1,2,...,n-1,do the following:
(1) Locate an edge a,={X, Yy} of smallest weght such that

X 1s1in U, and y 1s notin U,.

(1) Put Uy, = U w iy}, Fy = Frula;) and T, =(U;, . F,,).
(ii1) Increase I to 1 + 1.

(3) Output T,_,=(U ,_,,F,_,). (Here U _, =V.)
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Dijkstra’s Algorithm for a
Distance Tree rooted at u

Let G=(V,E) be a weighted graph of order n with
weighted function c, and let U be any vertex.

(1) Put U={u}, D(u)=0, F=9, and T=(U,F).

(2) If there is no edge in G that joins a vertex X in U to a vertex
y notin U, then STOP!

Otherwise, determine an edge a={X, Yy} with X in U and y
not in U such that D(X)+c{X, Yy} is as small as possible, and
do the following:

(1) Put the vertex y into U.

(11) Put the edge a into U.

(i11) Put D(y)=D (x)+c{X, Yy} and go back to (2)
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!'_ Steiner Ratio Conjecture

Gilbert and Pollack,1968
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i Steiner Ratio Conjecture is True

= Ding-Zhu Du (iﬂm 1) and <l
Frank Kwang-Ming Hwang (= Jolﬂ’ﬂ‘)
A Proof of the Gilbert-Pollak
Conjecture on the Steiner Ratio.
Algorithmica 7(2-3): pages 121-135,
1992. (received April 20, 1990.)




i Euclidean Steiner Problem

= Given: a set Pof npoints in the euclidean

plane

= Output: a shortest tree connecting all
given points in the plane

s The tree is called a Steiner minimal tree.

= Notice that Steiner minimal trees may
have extra points (Steiner points).



Minimum Spanning Tree

i (MST)




‘L Steiner Minimum Tree (SMT)

1

i rV3=1.732-
: ) 321,732

= Regular points (@): P
= Steiner points (@): U sMT(P) ) - P




History of SMT

= Fermat (1601-1665):
Given three points in the
plane, find a fourth point :
such that the sum of its
distances to the three
given points is minimal.

= [orricelli solved this
problem before 1640.




History of SMT (cont.)

= [orricelli Point (or called (First) Fermat
POint): F/’—\\ ///’—\\\D




i History of SMT (cont.)

= Jarnik and Kossler (1934) formulated the
following problem: Determine the shortest
tree which connects given points in the
plane. bt

= Courant and Robbins (1941) described this 3&
problem in their classical book “What is ==
Mathematics?’ and contributed this
problem to Jakob Steiner, a mathemc »5"@'
at the University of Berlin in the 19th *;‘ L{
century. S




The Complexity of Computing
i Steiner Minimum Trees

= NP-Hard!

= M.R. Garey, R.L. Graham, and D.S.
Johnson. The complexity of computing

Steiner minimum trees. SITAM J, Appl.
Math., 32(4), pages 835—-859, 1977.

> Approximation



‘L Steiner Ratio

s L(P): length of Steiner Minimum Tree on
P

s L (P): length of Minimum Spanning Tree
on P

~ (.866

: L. LL(P)| 3
= Steiner ratio p = mfp{Lm(P)}_ >



i Gilbert-Pollak Conjecture

= Gilbert and Pollak conjectured that for

any P,
LS(P)szm(P) ngo.z%%j

= E.N. Gilbert and H.O. Pollak. Steiner minimal
trees. STAM J. Appl. Math., Vol. 16, pages 1—
29, 1968.



i Previous Results for n = 3
= 1= 3: Gilbert and Pollak (1968)

Let S be the Torricelli point of AABC. 0 A
Suppose that |AS| = min {|AS|,|BS|,|CS|}.

L(A,B,C) = AS +BS + CS
= AS+B’S+C’S +BB’ + CC’
= L(A,B’,C’) + BB’ + CC’

— L(15+40)+ BB+ CC
> g( +BB’+/ . +CC")
> g(AB+AC) - ng(A,B,C)



i Previous Results for small 77

= 1= 3: Gilbert and Pollak (1968)

= 1= 4: Pollak (1978)

= 7= 5: Du, Hwang, and Yao (1985)

= /7= 6: Rubinstein and Thomas (1991)



Previous Results for
i lower bound of p

= p=0.5 :Gilbert and Pollak (1968)

= p = 0.577 : Graham and Hwang (1976)
= p = 0.743 : Chung and Hwang (1978)
= p=0.8 :Duand Hwang (1983)

= p = 0.824 : Chung and Gﬂraham (1985)

]
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iIbert-Pollak conjecture is true!

D.-Z. Du and F.K. Hwang: Gilbert-Pollak conjecture on Steiner ratio is true, Pro-
ceedings of National Academy of Sciences U.S.A., 87 (1990) 9464-9466. (Also in
Proceedings of 31st FOCS, 1990, pp76-85 and in Algorithmica 7 (1992) 121-135.)

1992 The proof of Gilbet-Pollak conjecture was selected by 1992 Year Book of Encyclopae-

dia, Britannica, as the first one among six outstanding achievements in mathematics
in 1991.

1992 Received $500 personal award from Professor Ronald L. Graham, the President of

American Mathematics Society, for proving the Steiner ratio conjecture of Gilbert and
Pollak.

1990-1991 The proof of Gilbet-Pollak conjecture was reported in New York Time on

10/30/1990, Science (1990, pp.1081-1082) , Science News (12/22-29/1990, pp.389),

SIAM News Vol 24 No 1 (1991), New Scientists (April 1991, pp.22), and New Scien-
tists (November 1991, pp.26-29).



i Full Steiner Tree

= A Steiner tree with n7 regular points is
called a full Steiner tree if it has exactly
-2 Steiner points, i.e., every regular
point is a leaf node. ?

Sh =gy
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